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Note

Answer ALL questions. Each question will be marked out of 20. The paper will be marked
out of 80, which will be rescaled to a mark out of 100.

Question 1 [A-Calculus and type systems]

Consider the following extension of the Church-style Simply-Typed A-Calculus, with injec-
tions and disjoint unions as primitives:

M = x|Xx:T.M|M M| true | false| if M then M else M
| left(M) | right(M) | case(M, M, M)
T = B|T—>T|T+T

Expressions of the form left(M) and right(N) are injections, which are values of the
disjoint union type T; + T, whenever M is a value of type T; and N is a value of type T».
The case(M, P, Q) operator, is used to pattern match on injections, and takes an M of
type T1 + T5, a P of type T; — U, and a Q of type T> — U. It computes as follows: it
reduces M to an injection: either of the form left(V), where V is a value, and returns
PV, or of the form right(V) and returns Q V.

(a) Extend the call-by-value small-step operational semantics of the Church-style Simply
Typed A-Calculus to account for the new forms mentioned above, namely: left(M),
right(M) and case(M, P,Q). To do this you need to extend its terms, values,
evaluation contexts, and operational semantics rules and axioms.

[6 marks]

(b) Extend the typing rules of the Church-style Simply Typed X-calculus with these
expressions.

[4 marks]

(c) Prove that case(left(true), Ax : B.if x then false else true, A\x : B. x) eval-
uates to a value. Detail all the steps.
[6 marks]

(d) Can we find an expression M such that case(M, Ax : B.x, Ax : B. x) gets stuck?
Justify your answer with one or two sentences.

[4 marks]
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Question 2 [Polymorphism and abstraction]

The disjoint union type T1; 4+ T5 is a type with two constructors: a left injection that
creates an element of type 77 + T, out of an element of type T7; and a right injection that
creates an element of type T;+ T out of an element of type T,. The disjoint union can be
encoded in System F using a Church encoding as follows: Va.(T; — a) — (T, = a) — a.
The left injection building a term of type T; 4+ T, out of a term of type T; and the right
injection building a term of type T; + T, out of a term of type T, can then be encoded as
follows:

(a)

(b)

left=Xx:Ti.Aa.Xf:T1 > a.Ag: T > a.fx

right =Ax: To.  a. A\f : Ty . Ag: T, > a.g x

Prove that 1left is of type T; — (71 + T») using the typing rules of System F.
[5 marks]

Using the above encoding of disjoint unions, define a case function of type
Va.(T1+T2) = (T —a) = (T, > a) >«

that, depending on whether its argument of type T; 4+ T, encodes a left or right
injection, either applies the function of type T; — «a (in case of a left injection) or
the function of type T, — a (in case of a right injection).

[4 marks]

Explain whether the following expression is a well-typed expression of System F:
XX T+ T AT — Tl.X{Tl} ff

Use a complete (in case the expression is well-typed) or incomplete (in case the
expression is not well-typed) proof tree to justify your answer.

[6 marks]

Define an abstract datatype for disjoint unions T; 4+ T,, forming an abstraction
barrier around the above encoding of disjoint unions, whose interface provides three
operations: a left injection (1eft), a right injection (right), and pattern-matching
on an element on that type (case). You can either use the extension of System F
with existential types, or a Haskell module.

[5 marks]
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Question 3 [Parsing]

Consider the following language to manipulate lists of bits:

L = nil |BuL|L+HL|L\NL|(L)
B = 0]1

The meaning of these expressions is not important for this question, but informally, nil is
an empty list, B :: L prepends the bit B to the list L, L; + L> appends the list L, to the
list L1, and Ly \ L, removes the bits in the list L, from the list L;. (Feel free to write n
instead of nil in your answers.)

(a)

(c)

Describe one way in which this grammar is ambiguous. Then, provide a modified
grammar that fixes this ambiguity, as well as a justification explaining how it fixes
it. (There are multiple ways in which this grammar is ambiguous.)

[6 marks]

Write a bottom-up parser for the original grammar as a PDA (a pushdown automa-
ton). Indicate what the initial stack symbol is. (It might help to think about what
transitions are shift transitions and what transitions are reduce transitions. You are
allowed to make use of some notation to for example pop two elements from the
stack, but if you do, explain your notation.)

[8 marks]

Show that the expression nil \ nil ++ nil is accepted by your PDA by providing
a sequence of instance descriptions that details all the steps. (It might again help
to think about what steps are shift steps and what steps are reduce steps.)

[4 marks]

Explain where a shift/reduce ambiguity arises in your sequence of instance descrip-
tions, and what the implications are of the decision you have made (shift vs. reduce)
on how the expression is parsed, comparing with what would have happened had you
made another decision. (A shift/reduce ambiguity is when either a shift or a reduce
can be performed on the same instance description, while still getting the word to
be accepted.)

[2 marks]
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Question 4 [Code Generation & Optimization]

Consider the following basic block that contains 4 TAC instructions:

b=a
c=d+ b
b=d
e=b+ a

(a) Translate the above block to assembly code one instruction at a time, using 3 reg-
isters, showing how the register and address descriptors are updated, and assuming
that a, b, ¢, d, and e initially hold their respective values.

[10 marks]

(b) Optimize the above TAC code, assuming that a, b, ¢, d, and e are used in other
blocks, mentioning the names of the optimizations you are using, and showing the
code you obtain after each optimization step.

[6 marks]

(c) Describe the cost of the optimized TAC code and compare it to the cost of the non-
optimized TAC code (no need to translate the optimized code to assembly too).
Which version is the less costly? Justify your answer.

[4 marks]

End of Questions — See below for the appendix
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Appendix

1 Church-Style Simply Typed X\-calculus

Syntax

T = B|T—>T
M = x|Xx:T.M| M M |true | false|if M then M else M

Values
Vi=Xx:T.M]|true | false

Call-by-value evaluation contexts

C:=e|CM|V C|if C then M else M

Call-by-value small-step operational semantics rules

IteT

Ox:T.M)V —, Mx\V]°  if true then M else N —s, M

M—, N
: TteF CTX¢
if false then M else N —, N C[M] —, C[N]
Typing Rules
'x: TEM:U TEM:T—-U TEN:T
Tx:ThEx:T " TEM™TM:T—=U0" TFMN:U “’P
. . [EM:B TEN:T TEP:T
[Ftrue: B [+ false: B [Fif M then N else P: T
2 System F
Syntax
T = a|B|N|T =T |Va.T
M = x|Xx:T.M| M M| true | false| if M then M else M
| let x = M in M| zero | succ M | pred M | iszero M
| da. M| M{T}
Values

V ii=MXx:T.M| true | false | zero | succ V | A\a. M
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Call-by-value evaluation contexts

C = o|CM|V C|if C then M else M
| let x = C in M |pred C | iszero C | succ C
| {7}

Call-by-value small-step operational semantics rules
5 M—, N
(M :T.M)V —, M[x\V] C[M] —, C[N]

CTXc

IteF

if true then M else N —, M reet if false then M else N —, N

PredZ PredS
pred zero —, zero pred (succ V) —, V

IsZS

iszero zero —», true -~  iszero (succ V) —», false
LetV 06
let x = V in M —, M[x\V] (Aa. M{T} —, M[a\T]
Typing rules
an x:TEM:U . ([EM:T—->U TEN:T
ox:TEx:T =X T.M: T —=U r=MN:U
T . r-mM:B reN:7T TEPT o
[+ true: B [+ false: B [Fif M then N else P: T
, rEM:N rEM:N [F-M:N .
[ zero: N [+ succ M: N [+ pred M: N [+ iszero M : B
F=M:T I',X:TI—N:ULET r=M:T ThBS r=M:ve.l. o
Fletx = MinN:U = Xa. M Va.T F= M{U}: Tla\U]

In addition Tass requires that o € FV(I").

3 System E
Syntax
T o= a|B|N|T =T |VaT|TxT|3T
M X|Xx:T.M| M M| true | false | if M then M else M

let x = M in M | zero | succ M | pred M | iszero M
Aa. M| M{T}
(M, M) | fst M | snd M

pack (T, M) as T | unpack o, x = M in M
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Values
V. = Xx:T.M|true|false | zero|succV |da. M

| (V,V)|pack (T,V)as T

Call-by-value evaluation contexts

C = o|CM|V C|if C then M else M

| let x = C in M |pred C | iszero C | succ C
| C{T} |unpack a,x = Cin M| fst C|snd C
|

(C,M) | (V,C) | pack (T,C) as T

Call-by-value small-step operational semantics rules

s M—, N o1
(O :T.M)V —, M[x\V] CIM] —, C[N] ~©
IteT IteF
if true then M else N —, M if false then M else N —, N
LetV 06
let x = V in M —, M[x\V] (Aa. M{T} —, M[a\T]
PredZ PredS

pred zero —», zero pred (succ V) —, V

1s77 IsZS
iszero zero —, true iszero (succ V) —, false

FstP SndP

fst (VW) —, V snd (V,W) —, W

unpack o, x = pack (T,V) as U in N —, N[a\T][x\V] o

Typing rules
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-M:T—U FENT

. ['x: TFEM:U .
x:TkEx:T l'EXx:T.M: T —=U r'=MN:U
T [FM:B TEN:T FI—P:TITE
[+ true : B [+ false: B [Fif M then N else P: T
l'-M:N . M N s M N .
[ zero: N [ succ M: N [ pred M: N [+ iszero M : B
=M :Va.T PP

Fr=M:T I',X:TI—N:ULET Fr=M: T TABS
M=Xa.M:Va.T M= M{U}: Tla\U]

[Fletx = Min N: U
Fr=M: T I'I—N:UPair I'I—M:T><UFst FI—M:T><USnd
FE(M,N)y: T xU [Ffst M: T [+snd M: U
=M 3Ja.T I',X:Ti—N:UUnack
— MinN:U

M= M: Ula\T] .
[+ pack (T, M) as Ja.U : da.U * [+ unpack a, x
In addition Tass requires that o € FV(I)
and unpack requires that a € FV(U)

End of Paper
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Do not complete the attendance slip, fill in the
front of the answer book or turn over the
question paper until you are told to do so

Important Reminders

e Coats/outwear should be placed in the designated area.

e Unauthorised materials (e.g. notes or Tippex) must be placed in the
designated area.

e Check that you do not have any unauthorised materials with you
(e.g. in your pockets, pencil case).

¢ Mobile phones and smart watches must be switched off and
placed in the designated area or under your desk. They must not
be left on your person or in your pockets.

e You are not permitted to use a mobile phone as a clock. If you have
difficulty seeing a clock, please alert an Invigilator.

e You are not permitted to have writing on your hand, arm or other
body part.

e Check that you do not have writing on your hand, arm or other body
part — if you do, you must inform an Invigilator immediately

e Alert an Invigilator immediately if you find any unauthorised item
upon you during the examination.

Any students found with non-permitted items upon their person
during the examination, or who fail to comply with Examination
rules may be subject to Student Conduct procedures.




